Abstract-Unique word (UW)-OFDM is a newly proposed multicarrier technique that has shown to outperform cyclic prefix (CP)-OFDM in fading channels. Until now, the spectrum of UW-OFDM is not thoroughly investigated. In this paper, we derive an analytical expression for the spectrum taking into account the DFT based implementation of the system. Simulations show that the proposed analytical results are very accurate. Compared to CP-OFDM, we show that UW-OFDM has much lower out-ofband (OOB) radiation, which makes it suitable for systems with strict spectral masks, as e.g. cognitive radios. Further, in this paper, we evaluate the effect of the redundant carrier placement on the spectrum.
I. INTRODUCTION
Multicarrier techniques, especially orthogonal frequency division multiplexing (OFDM), have been adopted as the main signaling schemes for most wireless communications standards due to their ability to counteract the effects of time dispersive channels, the simplicity they offer in terms of equalization, flexibility for achieving different data rates and having flexible spectral characteristics. OFDM is a blockwise transmission scheme in which a number of data symbols are modulated using an inverse discrete Fourier transform (IDFT). When a high data rate signal is passed through a timedispersive channel, intersymbol interference (ISI) occurs. In OFDM, a time guard interval is inserted between the consecutive OFDM frames to compensate for the ISI. Different guard intervals can be found in the literature such as cyclic prefix (CP), zero padding (ZP) and known symbol padding (KSP) [1] , [2] out of which CP is more utilized in practical systems. Recently, a new family of OFDM systems named UW-OFDM is proposed, in which the time guard interval is part of the IDFT block [3] . In a two-step implementation of UW-OFDM systems, first a block of zeros is constructed at the tail of the IDFT output. This can be done by two approaches [4] : 1) by appropriately loading a set of redundant carriers in systematic coded UW-OFDM system, i.e. data carriers and redundant carriers are separated, and 2) by distributing the redundancy over all active subcarriers by using a code generator matrix in non systematic coded UW-OFDM system. Then, in the second step, the zero part of the block is filled with the known unique word samples. Like CP, the added unique word transforms the linear convolution of the transmitted signal with the channel impulse response into a cyclic convolution. This allows for a low complexity equalization at the receiver. Contrary to the CP which is random, the unique word is deterministic and can be designed for some practical needs such as synchronization or channel estimation. Although the UW-OFDM frame is shorter than CP-OFDM and contains lower number of data symbols, the bit error rate and throughput of UW-OFDM is comparable to those of CP-OFDM [3] , [4] .
The spectral behavior is an important issue in multicarrier systems, as it is known that OFDM based systems have high sidelobes. As in practice, transmission schemes must meet some regulatory spectrum masks, it is of importance that the in-band and out-of-band radiation of the system is controlled. For CP-OFDM, much research has been devoted to this topic. However, most of the studies which require the spectral model have considered a model that is based on the analog implementation of the multicarrier systems, as e.g. for spectrum modeling [5] , blind carrier tracking [6] , in-band and out-of-band radiation reduction and sidelobe suppression [7] , [8] , [9] , [10] , [11] . Although this analytical model is easy to use, it is not precise for practical systems, in which multicarrier transmitters are typically implemented by an IDFT followed by a digital-to-analog converter, and the power spectral density of this implementation is generally not equivalent to that of the analog implementation. Conditions for equivalency of these approaches are discussed in [12] . The spectral characteristics of CP-OFDM based on the DFT based implementation is investigated in [1] , [13] , [14] .
To our best knowledge, the spectrum for UW-OFDM is only considered in [4] , where the authors claim that UW-OFDM has lower out-of-band radiation than CP-OFDM. These results were based on simulations only. In this paper, we derive the analytical expression for the power spectral density of systematic coded UW-OFDM system using the DFT based implementation. In order to obtain an expression for the spectrum of CP-OFDM systems, in [1] , it is assumed that the symbols transmitted on the carriers are independent. This assumption is not applicable to UW-OFDM, where the redundant carrier symbols are a linear combination of the data symbols, introducing correlation between the subcarriers. Fortunately, this correlation is repeated in the successive UW-OFDM symbols. So, the sequence at the output of the UW-OFDM is cyclostationary. We use this property to derive novel expressions for the spectral behavior of UW-OFDM. With these expressions, we can thoroughly analyze the effect of the parameter choice on the in-band and out-of-band radiation, but they are also useful for other signal processing tasks such as those mentioned for CP-OFDM. Our simulation results show that the proposed expressions are accurate. With the obtained expressions, we investigate the in-band and out-ofband radiation of UW-OFDM when using two well-known redundant carrier placement algorithms.
II. SYSTEMATIC UW-OFDM MODEL
For generating the data sequence of the systematic coded UW-OFDM, the two-step approach is used [3] . In a block of N time-domain samples characterized by
, are random and depend on the data and the last N u samples, x u ∈ C Nu×1 , contain the known sequence which is called the unique word. To be able to add the unique word, in the first step, a block of N u zeroes in the time domain is generated by replacing N r data carriers by redundant carriers, where N r ≥ N u . In the frequency domain, considerd ∈ C N d ×1 as the vector of N d modulated data symbols that are independent and identically distributed (E{dd
. The vector of redundant data symbols isr ∈ C Nr×1 . As in conventional OFDM systems, (N − N d − N r ) zero subcarriers are inserted at DC and band edges. So, the frequency domain data vector is given byx
where
is the permutation matrix, which determines the positions of the data and redundant carriers, and B ∈ R N ×(N d +Nr) inserts the zero subcarriers. In the systematic UW-OFDM system, the permutation matrix is calculated such that the energy allocated to redundant carriers is minimized. After IDFT and before insertion of the unique word, the time-domain data vector, x , can be written as
where F
−1
N is the N × N IDFT matrix. The redundant carriers should be calculated so as to have N u zeros at the tail of the time-domain data vector, x (note that
To do so, a transform matrix is defined as M = F −1 N BP, which can be decomposed as follows
By solving this set of linear equations, the redundant carrier symbols can be determined by the linear mappingr
is the Penrose-Moore pseudo-inverse. The redundant carrier symbols and the energy assigned to them depend on the choice of P through M. By using (4) in (1), it can be seen that the redundant carriers introduce correlations in the frequency domain data vector x. Different redundant carrier placement approaches are introduced such that the energy spent on redundant carriers is minimized [15] , [16] .
III. PSD OF THE DFT BASED IMPLEMENTATION OF
UW-OFDM SYSTEMS In this section, we propose an analytical expression for the power spectral density of the DFT-based implementation of the systematic coded UW-OFDM system. Assume that the lth time-domain signal vector of the UW-OFDM system after insertion of the unique word be
n , where i = lN + n, and x (l) n is the nth element of x (l) . Before upconversion, this baseband sequence is passed through a D/A converter with an interpolation filter g I (t). The resulting analog signal is given by
It has been discussed in [1] that the PSD of a D/A converted signal of the above form equals 
In multicarrier transmission schemes, the discrete-time data sequence, a [i], is a cyclostationary process. For example, in the systematic UW-OFDM system, the i.i.d. modulated data symbols are transmitted in consecutive frames at which a similar mapping is performed, e.g. as in (2) . So, after D/A conversion, the correlation pattern imposed by this linear mapping is cyclically repeated. In [1] , [13] , it is proposed to time-average the autocorrelation function over one cyclic period to obtain the average PSD. By assuming that the frequency-domain data samples on all subcarriers are i.i.d., an approximate closed form expression for the PSD of CP-OFDM and ZP-OFDM is determined in [1] . However, in the UW-OFDM system, the frequency-domain data samples on the subcarriers are correlated, such that a closed form solution is hard to obtain. Therefore, we describe the PSD of UW-OFDM in another way to tackle the inherent data correlation in UW-OFDM frequency domain data vectors. The analog signal in (5) can be rewritten in a frame-based representation as follows
Consider the lth data frame at the output of the IDFT module. Assume that the samples of this frame of data are known and repeated in all the frames. In other words, the signal in (7) is assumed to be periodic. The discrete-time Fourier transform (DTFT) of this frame is given by
After passing through the D/A interpolation filter, the power spectral density can be written as
In reality, the modulated data symbols sent on different UW-OFDM frames are different but they can be assumed to be independent. The correlation pattern of the data symbols in the frame is the same for all the frames. Therefore, although the sequence x(t) in (7) is not periodic, it is statistically periodic, i.e., it is cyclostationary. Consequently, we will replace X (l) (f ) 2 by its statistical average over all possible realizations. In this way, the PSD of x(t) is given as
For obtaining a closed-form expression, we use the vectorform representation of (10). The DTFT values in (8) can be written in the vector form as follows
where e(f ) is a 1×N row vector with the nth entry e −jn2πf T . So, the PSD in (10) can be rewritten as
which can be calculated as follows
Equation (12) consists of two components. The first component is |G I (f )| 2 which is the frequency response of the interpolation filter with cut-off frequency 1/2T s ; this is desired to be as flat as possible in the in-band part of the spectrum, and to have a sharp spectral roll-off so as to suppress the out-of-band radiation of the system very sharply. The second component, P 1 (f ), depends completely on the characteristics of the data to be transmitted. As it can be seen from (14), P 1 (f ) is periodic with a period 1/T s . Therefore, the interpolation filter needs to reject the unnecessary OOB parts of the UW-OFDM spectrum caused by the periodicity of the signal.
IV. SIMULATION RESULTS
In this section, the validity of the proposed PSD expression is investigated by comparing with the estimated PSD attained by simulations. Also, the spectral characteristics of UW-OFDM system are compared with those of CP-OFDM. For the simulations, a sequence of uncoded independent and identically distributed data bits are modulated with 16QAM modulation. Then, they are passed to a UW-OFDM transmitter with N = 64 subcarriers. Similar to [4] , the UW-OFDM specifications are taken from the IEEE 802.11a WLAN standard [17] , and are given in Table I . The indices of the zero subcarriers in the frequency domain for both systems are {0, 27, 28, ..., 37}. The indices of the redundant carriers are, unless otherwise stated, obtained by maximum distance algorithm [18] . The unique word is considered to be zero. The simulated PSDs are obtained by using Welch's periodogram algorithm [19] . In Figure 1 , the proposed analytical expression for the PSD of the UW-OFDM before the interpolation filter (14) is shown by the dotted curve. The estimated PSDs of the simulated UW-OFDM and CP-OFDM and the analytical expression developed for CP-OFDM without zero subcarriers (w/o ZS) [1] are included for comparison. The PSD expression in [1] is developed on the basis of the assumption that the data on all subcarriers are independent, and no zero subcarriers are inserted in the frequency domain. All the curves are normalized by the peak values. It can be seen from the zoomed view that the UW-OFDM PSD curve corresponding to the analytical expression is almost the same as the estimated PSD curve.
One of the shortcomings of the CP-OFDM transmission scheme is that the power of sidelobes decay slowly in the out-of-band. This can cause spectral interference to systems operating in the adjacent bands. However, the analytical and estimated PSD of UW-OFDM show that the OOB radiation of UW-OFDM is much lower than the OOB radiation of CP-OFDM. This is one of the advantages of UW-OFDM over CP-OFDM.
The other parameter affecting the OOB radiation of multicarrier systems is the interpolation low pass filter. This effect is investigated in Figure 2 by showing the normalized PSD after interpolation lowpass filter. Note that the PSD before the interpolation filter is periodic and repeated with period 1/T s = 20MHz. After the interpolation filter, the spectral leakage of both the systems is directly controlled by the spectral leakage of the interpolation filter, G I (f ). In this figure, the data sequences of both systems are upsampled with a factor of 2. The interpolation filter is a 22nd-order equiripple finite impulse response filter with 1 dB passband ripple and a stopband attenuation of 60 dB. The analytical PSD for UW-OFDM is obtained from (12) by multiplying the frequency response of the interpolation filter with P 1 (f ), and it is almost the same as the estimated PSD. This shows the accuracy of the proposed PSD relations for modeling the spectral behavior of the UW-OFDM after LPF. The high rolloff factor of the unique word OFDM combined with the OOB reduction capability of the LPF results in a very sharp response in the OOB compared to the slow decaying of the CP-OFDM in the OOB.
The total performance of the systematic UW-OFDM completely depends on the selection of the position of the redundant carriers. In Figure 3 , the PSD of the UW-OFDM data sequence before upsampling and interpolation filtering is depicted based on (14) for two redundant carrier placement approaches, i.e. maximum distance (MD) placement and heuristic algorithm (HE) [18] . Different redundant carrier placement approaches need different powers to be allocated to the redundant carriers. We have assumed that the power of i.i.d. modulated data symbols is E s = 1 for UW-OFDM system, i.e., we have E{dd H } = I N d . So, for the UW-OFDM, the power allocated to N d data symbols is
In [15] , it is shown that the minimum power required to be allocated to the redundant carriers is min {P r /E s } = N d = 36. When the redundant carriers are placed by the near-optimal heuristic algorithm, the required power for the RCs is P r,HE /E s ≈ 36.2 which is quite near the optimal value. In contrast, the power needed for MD algorithm is Figure 3 , the zero crossing points in the PSD of the UW-OFDM system are the data subcarriers with unit norm and the in-band peaks represent the redundant carriers. It is seen that the in-band peak values for UW-OFDM with the MD placement approach are as expected higher compared to that of heuristic algorithm, i.e. higher redundant energy is needed. Further, it can be seen in the figure that the heuristic approach not only outperforms the MD algorithm regarding the lower power needed for the placement of redundant carriers, but it also has 2 dB lower OOB radiation.
V. CONCLUSION
One of the main performance characteristics of communication transmission schemes is the transmitted power spectral density. In this paper, the characterization of the PSD of the systematic coded UW-OFDM is addressed. In this system, the insertion of redundancy in the frequency domain creates correlation in the UW-OFDM frame. So, the conventional spectral modeling approaches that assume the independency of the frequency domain data vectors are not applicable for UW-OFDM systems. However, the correlation pattern is repeated at each UW-OFDM frame making the time domain data sequence be cyclostationary. The power spectral density is derived by calculating the Fourier transform of one of the frame samples and averaging its squared magnitude over all UW-OFDM frames. The simulation results have shown the accuracy of the derived expression. It is shown in this paper that one of the important characteristics of UW-OFDM is that the OOB radiation is much lower than the CP-OFDM system. So, it is a good candidate for situations that need low out-of-band radiation such as dynamic spectrum access in cognitive radio networks. Finally, it is shown that redundant carrier placement approaches that require lower redundant energy, also have slightly lower OOB radiation.
